Injection or optical generation of electrons and holes in graphene bilayers (GBLs) can result in the interband population inversion enabling the terahertz (THz) radiation lasing. The intraband radiative processes compete with the interband transitions. We demonstrate that remote doping enhances the indirect interband generation of photons in the proposed GBL heterostructures. Therefore such remote doping helps surpassing the intraband (Drude) absorption and results in large absolute values of the negative dynamic THz conductivity in a wide range of frequencies at elevated (including room) temperatures. The remotely doped GBL heterostructure THz lasers are expected to achieve higher THz gain compared to previously proposed GBL-based THz lasers.
I. INTRODUCTION
The population inversion created by injection or optical pumping in graphene layers (GLs) and graphene bilayers (GBLs) [1] results in the negative dynamic conductivity in the terahertz (THz) range of frequencies [2, 3] and enables the graphene-based THz lasers [2] [3] [4] [5] . Different research groups have demonstrated the THz gain in the pumped GLs [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] (see, also Ref. [17] ). GLs and GBLs can serve as the active regions of the THz lasers with the Fabry-Perot resonators, dielectric waveguides, slot-lines including the plasmonic lasers [8, [19] [20] [21] [22] [23] [24] . The GL and GBL heterostructure lasers can operate in a wide frequency range, including the 6 to 10 THz range, where using materials like A 3 B 5 is hindered by the optical phonon effects [25] [26] [27] . The THz lasing in GL and GBL structures is possible if the contribution of the interband radiative transitions to the real part of the dynamic conductivity Re σ in a certain range of frequencies surpasses the contribution of the intraband radiative processes associated with the Drude losses. The interband transitions include the direct (with the conservation of the electron momenta) and the indirect transitions (accompanied with the variation of the electron momentum due to scattering). The limitations imposed by the momentum and energy conservation laws allow only for the indirect intraband radiative transitions. In the GLs and GBLs with sufficiently long carrier momentum relaxation time τ , the direct interband radiative transitions dominate over the indirect intraband transitions and Re σ < 0. Recently [28, 29] , we demonstrated that in GLs and GBLs with primarily long-range disorder scattering, the indirect interband transitions can prevail over the indirect intraband transitions leading to fairly large absolute values of the negative conductivity | Reσ|. These values could exceed the fundamental limits for the direct transitions, which are σ Q = e 2 /4 for GLs and 2σ Q for GBLs [1] (here e is the electron charge and is the Planck constant). As a result, in the GL and GBL structures with a long-range disorder one can expect that the condition Re σ < 0 could be fulfilled in a wider range of the THz frequencies, including the low boundary of the THz range. When the momentum relaxation is associated with long-range scattering mechanism, moderate values of τ might be sufficient for achieving Re σ < 0, especially in GBLs where the density of states (DoS) ρ(ε) as a function of energy ε near the band edges (ρ(ε) ≃ const) in the latter is considerably larger than in GLs (where ρ(ε) ∝ |ε|). This paper deals with the GBL heterostructures with a remote impurity layer (RIL) located at some distance from the GBL plane and incorporating donors and acceptors or donor and acceptor clusters. We consider the GBL-RIL heterostructure as an active region of an injection THz laser. We show that the electron and hole injection from the side n-and p-contact regions into the GBL-RIL heterostructures leads to the population inversion enabling the enhanced negative dynamic conductivity, which, in turn, can result in lasing in the THz range. Figure 1 shows the schematic view of an injection laser based on the GBL-RIL heterostructure at the reverse bias voltage V . The remote (selective) doping can markedly affect the scattering of electrons and holes (see, for example [30, 31] ) and, hence, the indirect radiative transitions. The GL and GBL heterostructures using remote doping were already fabricated and used for device applications [32, 33] . The heterostructures with the selectively doped GBL and RIL demonstrate the follow- ing distinct features. First, the net electron and hole densities determined by both the pumping and RIL and the electron and hole quasi-Fermi energies, ε F,e and ε F,h , are generally not equal. Second, relatively large scale of the donor and acceptor density fluctuations result in smooth (long-range) spatial variations of the potential in the GBL created by the RIL, separated by distance d from the GBL. This could result in the electron and hole scattering with a relatively small momentum change and, consequently, increase in the contribution of the indirect interband transitions in comparison with the interaband transitions. Thus, the main role of the RIL is not to induce extra carrier in the GBL (as in high-electron mobility transistors) but to provide the specific mechanism of the electron and hole scattering reinforcing the indirect interband radiative transitions. We calculate the spectral characteristics of real part of the dynamic conductivity Re σ in the pumped GBL-RIL heterostructures as a functions of the doping level and the spacer thickness d and compare the obtained characteristics with those of the undoped heterostructures. This analysis reveals the conditions for the selective doping enabling the negative dynamic conductivity in a wide frequency range, including the frequencies of a few THz. This might open new prospects of GBL heterostructures for the efficient THz lasers based on the GBL heterostructures.
II. DEVICE MODEL
We study the GBL-RIL heterostructures pumped via the injection from the side p-and n-contacts shown in Fig. 1 . In the very clean pumped GBLs (or GLs) with a fairly high carrier mobility the intraband (Drude absorption) at the radiation frequencies above one THz should not play a dominant role. Hence, adding the selective doping might not be needed. However, in the GBLs with a relatively low carrier mobility caused by unavoidable (residual) charge impurities and imperfections, the RIL induced scattering could result in a substantial compensation of the Drude absorption and, therefore, enhancement of the negative dynamic conductivity In the following, for definiteness, we consider the GBL-RIL heterostructures with the GBL doped with acceptors (with the density Σ A ) and the RIL formed by partially com-
E n e r g y We further assume that in these heterostructures, the RIL might comprise the clusterized acceptors and donors (with the correlated charge defects forming the charged clusters with the charge Z c e > e and the characteristic size l c , where e is the electron charge). In the latter case, we assume that the cluster density is equal to (Σ A,R + Σ D,R )/Z c . Such GBL-RIL heterostructures are quasi-neutral even in the absence of the pumping. Pumping results in the formation in the GBL of the twodimensional (2D) electron and hole gases with the equal densities Σ e = Σ h = Σ and the quasi-Fermi energies ε F,e = ε F,h = ε F . Figure 2 shows the GBL band diagram under pumping. In Fig. 2 , the arrows indicate different radiative transitions: vertical interband transitions, indirect intraband transitions accompanied by the electron scattering on the impurities, phonons, and holes (leading to the Drude absorption of radiation), and the interband indirect transitions.
The transverse electric field arising in the spacer due to the features of the doping can lead to the local opening of the energy gap [1, 34] . However, as shown below, for the doping levels under consideration, the energy gap expected to be small, and the band opening and and the energy spectrum nonparabolicity will be disregarded [34] [35] [36] . The energy spectrum is assumed to be (
The first term in Eq. (1) corresponds to the transitions of the type "1" in Fig.2 , the second term corresponds to the type "2", and the third term -to the types "3" and "3*" transitions, respectively. The last term in the right-hand side of Eq. (1) corresponds to the processes responsible the Drude absorption. Due to high frequencies of the inter-carrier scattering under sufficiently strong pumping, the energy distributions of the pumped carriers are characterized by the Fermi distribution functions f v (ε p ) and f c (ε p ), where ε p is the dispersion relationship for the 2D carriers in GBLs, with the quasi-Fermi energy, ε F ≃ π 2 Σ/2m and the effective temperature T .
The calculations of the GBL dynamic conductivity in the in-plain direction associated with the direct interband transitions accounting for the GBL energy spectra, following the approach developed in [37, 38] (see, also [5] ), yield:
Applying the Fermi golden rule for the indirect intraand interband electron radiative transitions, we obtain at the following formulas for the respective components of the dynamic conductivity:
Re σ inter ind
Here g = 4 is the spin-valley degeneracy factor, ε p ,
is the velocity of electrons and holes with the momentum p in GBLs, V (q) is the q-the Fourier component of the scattering potential, u
is the overlap between the envelope wave functions in GBLs, and λ = ±1 is the index indicating the conduction and valence bands. The extra factor of 2 in Eq. (3) accounts for the intraband electron and hole contributions.
Equation (3) yields the well-known result for the dynamic Drude conductivity in the high-frequency limit Γ = /τ < ω < ε F , where Γ is the broadening of the carrier spectra.
IV. SCATTERING MECHANISMS
For the GBL-RIL hererostructures under consideration, we have the following formulas:
for the discrete acceptors in the GBL and the discrete acceptors and donors in the RIL and
for the point charged defects (acceptors) in the GBL and the correlated clusterized acceptors and donors in the RIL, respectively. Here q = |p−p ′ |, Σ RCL = Σ A,R +Σ D,R is the net density of the charge impurities of both types located in the RIL (therefore the cluster density in the "clusterized" RIL is equal to Σ RCL /Z c with Σ RCL > Σ A ), κ is the effective dielectric constant (which is the half-sum of the dielectric constants of the materials surrounding the GBL, i.e., of the spacer and the substrate),
is the Thomas-Fermi screening wave number [38] [39] [40] , which is independent of the carrier density. Deriving Eq. (6), we have taken into account that the density of the charged clusters in the clusterized RCL is Z c -times smaller than the donor and acceptor densities, but the cross-section of the carrier scattering on the clusters is proportional to Z 2 c e 4 . The factor exp(−2qd) in Eqs. (5) and (6) is associated with the remote position of a portion of the charged scatterers (see, for example [31] ). Equation (7) corresponds to the Gaussian spatial distributions of the clusters that leads to the appearance of the factor exp(−q 2 l 2 c /2) (compare with Refs. [29, [41] [42] [43] ). One can see that the scattering matrix element explicitly depends on the background dielectric constant κ and via the dependence of q T F on κ. 
V. NET THZ CONDUCTIVITY
In the following we consider the most practical case of the temperature, frequency range, and pumping in which /τ < ω, T < ε F . For T = 300 K, the frequency range ω/2π = 1 − 10 THz, and ε F 50 meV, these inequalities are satisfied when τ 0.05 − 0.5 ps. 
where ω D = 4 Σ/mτ = 8ε F /π τ is the Drude frequency. This quantity characterizes the relative strength of the Drude processes (absorption).
As the above takes place, Eqs. (3) and (4) lead to
To avoid cumbersome calculations and obtain transparent formulas suitable for a qualitative analysis, we use the mean value theorem for the integrals over dq. As 
is the doping parameter (Z c = 1 and l = 0 for the RGL with the point charges (acceptors and donors) and Z c > 1 and l = l c in the case of RIL with the clusterized acceptors and donors), 
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For sufficiently pure GBLs and relatively strong RIL doping (with nearly complete compensation of the donor and acceptors), the doping parameter parameters D can be fairly large. In this case, the contribution of the carrier scattering on the remote impurities to the net scattering rate can be dominant. In such a case, the absolute value of the net THz conductivity |Reσ| can markedly exceed the contribution solely from the direct interband transitions, i.e., |Reσ| > 2σ Q .
Considering Eqs. (1), (2), and (9), we arrive at the following formula for the net THz conductivity:
VI. RESULTS AND ANALYSIS
Using Eqs. (9) and (10), one can analyze the conditions when the interband radiative processes surpass the D) and smoothing of the scattering potential (due to a stronger screening at higher κ). Both these effects result in an increase of the relative role of the indirect interband transitions. The scattering potential smoothing associated with an increase in the spacer thickness d also beneficial for the indirect interband transitions is seen in Fig. 4 as well. example, if Σ A = 1 × 10 11 cm −2 (that is consistent with the above value of τ ), the parameter D is equal to 60 if Σ D,R = 3.05 × 10 12 cm −2 and Σ D,R = 2.95 × 10 12 cm −2 . g. As seen in Fig. 7 , the net THz conductivity is negative in a certain range of frequencies (above 1.5 THz) even for the case D = 0, i.e., even in the GBL structures without the RIL. This is because although the indirect intraband transitions (Drude transitions) prevail over the indirect interband transitions, the negative contribution of the direct interband transitions enable the negativity of the net conductivity. The latter is because the contribution of the direct transitions decreases with increasing frequency much slowly (see the dashed line in Fig.7 ) than the contribution due to the Drude processes. However, in the GBL-RIL heterostructures with sufficiently strong doping (large D) the absolute value of the net THz conductivity is pronouncedly larger than in the similar heterostructures without the RIL. Moreover, the substantial contribution of the indirect interband transition can result in |Re σ| markedly exceeding its values |Re σ d | associated with solely direct interband transitions (see the curves s for D = 40, and 60 and the dashed lines in Fig. 7 ) and even exceed the maximum value of the latter 2σ Q (see the curve for D = 60). The comparison of the frequency dependences in Fig. 7 for D = 0 and D = 60 reveals that the RIL can provide a substantial increase in the absolute value of the THz conductivity [up to 4 -6 times increase in the range ω/2π = 3 − 5 THz ,compare the curves for D = 60 and D = 0 in Fig. 7(c) ] and, hence, the corresponding enhancement of the laser THz gain (for the parameters under consideration). Such an increase can be even more large at somewhat lower frequencies.
The comparison of Figs. 7(b) and 7(c) also demonstrates that at larger Drude frequencies, i.e., at shorter carrier momentum relaxation time τ (and the same parameter D), the sag of the net THz conductivity frequency dependences becomes deeper. This is attributed to an increase of the intensity of the indirect processes (both intraband and interband) when τ decreases.
The plots in Fig. 8 were obtained using Eq. (11) with l = l c = 0. Figure 8 shows the frequency dependences of the normalized net THz conductivity in the GBL-RIL heterostructures with clusterized (correlated) impurities in the RIL. As seen from Fig. 8 , for relatively small spacer thickness (d = 5 nm), the clusterization leads to an additional enhancement of the indirect interband transitions, reinforcing the negative THz conductivity, particularly with an increasing cluster size. However, at relatively large spacer thicknesses (d 10 nm), an increase in the absolute value of the net THz conductivity with increasing size of the clusters is insignificant, since in this case, D is determined not only by the doping of the RIL but the cluster charge Z c . This means that the chosen value D = 60 can correspond to different densities Σ D,R and Σ A,R depending on Z c . The latter, in turn, depends of the degree of the compensation of donors by acceptors in the clusters.
VII. DISCUSSION
If the RIL doping does not compensate the acceptor system in the GBL, the electron and hole quasi-Fermi energies ε F,e and ε F,h are generally not equal to each other even in the pumping conditions. However, at sufficiently strong pumping when the density of the injected (or optically pumped) carriers (9) , and (10) are still approximately valid until ω/2 < min{ε F,e , ε F,h }. The above model disregarded the opening of the band gap in the GBL under the transverse electric field arising due to the impurity charges in the RIL and GBL Despite a fairly complex pattern of the opening gap in GBLs by the electric field and doping [41, 42] , the pertinent energy gap ∆ g can roughly be estimated in the manner as it was done in [35] . In the absence of the electron and hole injection from the side contacts, the carrier density in the GBL is rather small due to the compensation of the acceptor charges in the GBL and the donor and acceptor charges in the RIL (see, Sec.II). In this case, ∆ g ∼ eE ⊥ d GBL , where E ⊥ = 4π eΣ A /κ is the transversal electric field created by the charged impurities and d GBL ≃ 0.36 nm is the spacing between GLs in the GBL, so that ∆ g ∼ 4π e 2 Σ A d GBL /κ. Under the pumping conditions, the 2D electron and hole gases partially screen the electric field in the GBL structure. As a result, one obtains ∆ g ∼ eE ⊥ d ef f GBL with d ef f GBL < d GBL [35] . Taking into account the screening of the transversal electric field E ⊥ by both electron and hole components, we obtain the following estimate:
, where a B = κ 2 /me 2 is the Bohr radius. Assuming a B = 10 − 20 nm and Σ A = (5 − 10) × 10 11 cm −2 , we obtain ∆ g ∼ 1.5 − 5 meV. These values are in line with those estimated in [35] and extracted from the experimental data [44, 45] . This estimate validates our model
In the case of the clusterized charged impurities, the long range variations of the potential associated with the clusters lead to the variation of the band gap. The latter variations reinforce the electron and hole scattering on the clusters, but this effect is not really essential.
In Eqs. (3) and (4), we have disregarded the indirect radiative processes associated with electron-hole scattering in the GBL. The point is that the probability of such processes is proportional to [2π e 2 /κ(q + q T F )] 2 Ση, where (in the degenerated two-dimensional electron and hole gases), the factors η < 1 is the fraction of electrons and holes effectively participated in the scattering processes η = T /ε F at ω < T , so that Ση ≃ Σ T = 2mT /π 2 . The values of q T F and Ση are independent of the electron and hole densities and, hence, of the pumping conditions. This is because of the virtually constantdensity of state. At rooom temperatures, the value of Σ T can be of the order of or less than Σ A and much smaller than Σ RIL . In the former case, one needs to replace the quantity D in equations (9) and (10) by D * = D/(1 + 2Σ T /Σ A ).
VIII. CONCLUSIONS
We proposed to use the GBL-RIL heterostructure with the population inversion due to the electron and hole injection as the active region of interband THz lasers and demonstrated that the incorporation of the RIL enables a substantial reinforcement of the effect of negative THz conductivity and the laser THz gain. This is associated with the domination of the indirect interband transitions in the GBL over the indirect intraband transitions (resulting in the Drude absorption) when the carrier scattering on a long-range potential prevails. As shown, the latter can be realized due to the remote doping and enhanced by the clusterization of impurities.
Using a simplified device model, we calculated the THz conductivity of the GBL-RIL heterostructures as function of the frequency for different structural parameters (dopant densities, spacer thickness, impurity cluster size, and the injected carrier momentum relaxation time). We found that the absolute value of the THz conductivity in the GBL-RIL heterostructures with a sufficiently highly doped RIL separated from the GBL by a spacer layer of properly chosen thickness can exceed in several times the pertinent value in the GBL-heterostructures without the RIL. Thus, the remotely doped GBL heterostructures can be of interest for applications as the active media in the THz lasers.
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